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Abstract 

We revise the sequences of SUSY for a cyclic adiabatic evolution governed 
by the supersymmetric quantum mechanical Hamiltonian. The condition (su- 
persymmetric adiabatic evolution) under which the supersymmetric reductions 
of Berry (nondegenerated case) or Wilczek-Zee (degenerated case) phases of 
superpartners are taking place is pointed out. The analogue of Witten index 
(supersymmetric Berry index) is determined. The final expression for new index 
has compact form of ind^ H = sDet U = Det U T , where U is the cyclic evolution 
operator generated by supersymmetric Hamiltonian H and r is supersymmetric 
involution. 

As the examples of suggested concept of supersymmetric adiabatic evolu- 
tion the Holomorphic quantum mechanics on complex plane and Meromorphic 
quantum mechanics on Riemann surface are considered. The supersymmetric 
Berry indexes for the models are calculated. 
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1 Introduction 



During last fifteen years it was proved due to the works by E.Witten [Jl|, A.Jaffe Q, L.Alvarez-Gaume 
|| and others that the Supersymmetric Quantum Mechanics (SQM) and Supersymmetric Quantum 
Field Theory are powerful tools to connect and to splice geometrical and analytical substances. The 
Witten's approach to the deriving of Morse's inequalities, supersymmetric proof of Index Theorems, 
the construction of infinitedimensional analysis on the base of Supersymmetric Quantum Field Theory, 
new supersymmetric view on the complex analysis on the Klein surfaces Q] are some examples of such 
connections. The main technical instrument of the considerations is Witten index of supersymmetric 
Hamiltonians. It is topologically stable due to spectral properties of supersymmetric systems and only 
depends on a structure of vacuum subspace of the theory. On the other hand Witten index can be realized 
as a partition function "twisted" by the supersymmetric involution and can be presented in the form of 
a functional integral. All these facts allow to calculate Witten index by two ways. The first one is to 
use operator theory to investigate vacuum subspace of the Hamiltonian. As a result geometrical nature 
emerges. The second way uses Quantum Field Theory methods to compute functional integrals. This 
way leads to the analytical substances. It is possible to refer to Chern-Gauss-Bonne Theorem and the 
theorem for real-meromorphic functions on the Klein surfaces Q as some results of the realization of the 
program. All these prompt us to look for new topological indeces. 

The main ideas of SQM approach to the calculation of new topological indeces can be developed in the 
close analogy with supersymmetric Witten index. We have to construct quantum mechanical quantity in 
the framework of SQM such that: 

1. This quantity is calculated by means of Quantum Field Theory methods; 

2. It only depends on vacuum state properties and the contributions of superpartners with nonzero 
energy are vanishing. 

Some of the attempts on this direction are Supersymmetric Scattering Index in the Supersymmetric Scat- 
tering Theory |5| and GSQM- indeces || in Generalized Supersymmetric Quantum Mechanics (GSQM) 
connected with q- deformation of Extend supersymmetrical Quantum Mechanics . In this paper we 
introduce new topological supersymmetric index based on the concept of Berry phases. 

The discovery of topological phases in cyclic adiabatic evolution ||, [h]] immediately generated a flow 
of papers devoted the subject. It was very natural to splice two topological objects: Berry phases and 
Witten index. However in the papers [jlTJ it was shown that the phases of superpartners are different in 
general and hence there is no possibility to invent the topologically stable index. To escape this difficulty 
we formulate the condition which leads to the vanishing the difference of the phases and observe this 
phenomenon for some well-known models. This let us to introduce new Supersymmetric topological index 
- Supersymmetric Berry Index (Index of Cyclic Adiabatic Supersymmetric Evolution, CASE-index). For 
some partial cases the index is an exponent of the difference of Berry phases of zero-modes in " bosonic" 
and "fermionic" subspaces. In this feature our index is close to the Supersymmetric Scattering Index 
which " calculates" the difference of scattering phases (S) . 

The paper is organized as follows. In the section 2 we remind the notion of topological phases for 
cyclic adiabatic evolution and introduce convinicnt notation. In the section 3 we prove some useful 
propositions for adiabatic evolution of the supersymmetric systems. In section 4 we formulate the condi- 
tions of Cyclic Adiabatic Supersymmetric Evolution (CASE) and define the Supersymmetric Berry Index 
(CASE-index). This index is calculated for the Holomorphic and Meromorphic Supersymmetric Quan- 
tum Mechanics in the section 5. In the last section 6 we formulate conclusion remarks on the possibility 
to use Supersymmetric Berry Index to derive new index theorems. 

2 Adiabatic evolution 

Let's consider the quantum mechanical system governed by time depended Hamiltonian H{t) 1 t € 
[0, T]. We assume that for all t G [0, T] Hamiltonian H(t) has only discrete spectrum. Ej(t) denote its 
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eigenvalues and Pj(t) denote projectors on corresponding eigenspaces. We assume that Ej(t) and Pj(t) 
are continuous function of t. Denote s = t/T. 

Theorem 1 (Adiabatic theorem) J7I| / If the adiabatic conditions 

1° E 3 (s)^E k (s) Vse[0,l], &k, 

2° Vj Pj(s) is double continuously (1) 
differentiate function of s G [0, 1], 

take place and evolution operator Ut(s) obeys Schrddinger equation 

i^-Ut(s) = TH(s)U T (s) 
os 



Then 



lim U T (s)Pj (0) = P 3 (s) lim U T (s) (2) 

1 — >oc 1 — >oo 



Now we use this theorem for the deriving the form of the adiabatic evolution operator in terms of 
dynamical and geometrical phases. Condition 2° provides that dimPj(i)H does not depend on time t. 

dim P H 

In Pj(t)H let's choose the basis (t)} a=1 3 and consider wave function ipf(t) with initial condition 

V>«(0) = ^(0). (3) 

Adiabatic theorem says that at any moment t S [0, T] the wave function ip'jit) m the adiabatic limit is 
eigenfunction of instant Hamiltonian with eigenvalue Ej(t). Therefore it can be decomposed in the basis: 

dim Pj H 

W)= E «i' a (*)^(*) ( 4 ) 

a' = l 

The substitution of the last expression in Schrodinger equation 

i^f(t) = H(t)^(t) (5) 

gives 

dimPjH 

£ + iuf a (t)<tf {t) ~ Ejuf a (t)<pf (t)) = (6) 

a'=l 

The scalar product of this equation with ((p? (t)| result in the equation for 

+E»i' a ( f )(*'i(*i'i - S i w f (*) ^ ( ? ) 

a' 

Let's introduce matrices 

E7(t) = K<*'(t)|| , 5(0 = , ^(*) = ll^'-BiWII , (8) 

which are block-diagonal in adiabatic limit. Blocks (numerated by j) correspond to energy levels Ej(t) 
and their dimensions are equal to the degrees of degeneracy of the levels. The equation (^) can be written 
in the matrix form: 

U{t) = -(B(t)+iE(t))U{t) (9) 
Taking into account the initial condition U (0) = / we can write its solution: 

U(t) = exp f-i J E(s)ds^j Texp f- J B(s)ds\ (10) 

In RHS of the expression the first factor has dynamical nature the second factor is of geometrical one. It 
is the second term that in the case of cyclic adiabatic evolution gives the geometrical Berry phases. 
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3 Difference of the superpartners's phases 



The main purpose of this section is to introduce supersymmetric notations, describe the difference in 
Berry phases for eigenstates - superpartners of supersymmetric Hamiltonian H (t) |Tl| and to prove some 
statements we use below in section 3. 

Let's suppose that the Hamiltonian H(t) which manages the cyclic adiabatic evolution is supersym- 
metric one i.e. the relations of the supersymmetric quantum mechanics (SQM) take place at any instance 
of [0,T]: 

t = t*=t- 1 , Q*(*) = Q(t), 

T Q{t) + Q(t)r = , H{t) = (Q(tfj 2 (U) 



Here r is supersymmetric involution (grading operator on Hilbert space of physical states) and Q(t) is 
supercharge for the supersymmetric Hamiltonian H(t). In accordance with r-grading Hilbert space splits 
in two subspaces ("bosonic" H + and "fermionic" H_ spaces) such that 

H = H+®H , tH±=±H± (12) 

On this basis the operators r, Q(t), H(t) can be rewritten in the matrix form: 

1 ° ^ Q(t)=( q{t) 

-1 J ' WJ ^ q*{t) 

(13) 

( H+{t) \_fq(t)q*(t) 



H_(t) J V q*(t)q(t) 



with q{t) : D(q(t)) — > H densely defined closed operator on the domain D(q(t)) C H + , where 
D(q(t)) — D(Q(t)) n H + . Operators H + (t) and H^(t) are called the Hamiltonian of superpartners. 
With the assumption about pure discrete spectrum of the Hamiltonian H(t) the relations ( |TT| ) provide 
the coincidence of the spectra of H + (t) and H_ (t) at any instance exepting zero-energy levels if any. 

Generally there is no connection between the zero- modes (eigenf unctions with zero eigenvalue) of H + , 
H- in H + and H_ but for nonzero-modes it is possible to do this. However the following lemma take 
place. 

Lemma 1 1. Witten index of supersymmetric Hamiltonian H(t) 

indwH(t) = dimkerH + (t) — dimkcrH_(t) 
is adiabatic invariant, i. e. in the conditions of adiabatic evolution the following equality takes place: 

ind w H(t) = md w H(0) W € [0, T]. 

2. If indw-ff(O) then dimensions of "bosonic" and "fermionic" zero-mode subspaces are also 
adiabatic invariants, i.e. 

dimkcrH + (i) =dimkerH + (0) , 

dim ker H_ (t) = dim ker H_ (0) V* G [0, T] . 

Proof. Let dim ker H + (0) = to, dim ker ii_ (0) = n. Then under the adiabatic evolution which does not 
change the degeneracy of instant eigenvalues only to eigenfunctions could leave zero-mode subspace in H + 
at some moment to- Due to supersymmetry arguments this leads to the fact that to eigenfunctions leave 
at moment to zero-mode subspace in H_ (because as it was noted above speciJ- \{0} = speaff+\{0} Vi S 
[0,T]). So there are two possibilities: 
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1. m = n and indw-ff(O) = indwH(to) = 0. It is possible to investigate the inverse process and 
to consider the arriving of 2m nonzero-modes in zero-mode subspace. This process does not also 
change Wittcn index. Summarizing the reflection we infer mdwH(t) = ind^-_ff(0) for Vt e [0, T]. 
This equality proves the Lemma |l| for the case of indwH (0) = 0. 

2. m =/= n and ind^-ff (0) — m — n ^ 0. Then zero-mode subspace in the space H_ splits at the moment 
to that contradicts to the adiabacity of the evolution. So there is no possibility for zero-modes to 
leave zero-mode subspace in H_ and hence in H + . This note results in the next equalities: 

dimkerH+(t) = dimkerH + (0) , 

dim ker H (t) = dim ker H (0) , (14) 
md w H(t) = m -n= md w H(0) Vt G [0, T], 

which finish the proof of the Lemma [I] □ 

Now let's consider the instant eigenfunctions { ( fi?+}a=i *= H+, {<Pi-}a=i e H_ corresponded to the 
instant eigenvalue Ei(t) ^ with the degeneracy n. It is possible to choose such basis in H + , H_ that 
{i/ 3 ^}, {<pf-} are expressed one through another: 



q*(t)<p? + (t) = V^W^?L(t) 

The eigenfunctions related as ( |l5| ) are said to be superpartners. 

It is interesting to compare the phases gained by wave functions of superpartners under cyclic adiabatic 
evolution. It is obvious that the dynamical phases are equal. However geometrical phases (Berry phases) 
can differ. The Theorem || shows it. 



Theorem 2 In the notations 



A° a '(t) = Bf°'(t) - Bf?'(t) = 

i§^'+<^)ii^i<(*)> (is) 



Proof. The proof of the Theorem g can be fulfilled by straightforward calculation using the definition 
of the matrix B and relations ( filf ) . □ 

/ Q Ct 

Corollary 2.1 Using the antihermitian property of the matrix Bj±: B^± = —Bj± it is possible to 
rewrite A" a (t) in symmetrical form 



A j W- o = { ( Pj+( t )\ 2E$) to+W) 



which leads to the expressions A" Q (t) through the supercharge Q(t): 

A r'w = 2^jK+(*)i^(*)>q(*)]Ih + i^(*)) = 

= - (*) I [Qto , 0(<)] Ih_ l< (*)) 

The latter expression can be obtained by the same way starting from eigenfunction in H_. 
Corollary 2.2 Tr Aj can be expressed in supersymmetric terms 

sTrB^t) = TrA,(t) = ±m(H-\t)[Q(t),Q(t)]P j (t)) . (17) 

These relations allows us to introduce the notion of Adiabatic Supersymmetric evolution in the next 
section. 
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4 Cyclic Adiabatic Supersymmetric Evolution 
(CASE) and its index 

From here on we assume that adiabatic evolution is cyclic one on [0, T] i.e. 

H{T) = H(0) (18) 
In this case we can take instant eigenfunction which obey cyclic condition: 

<#(?)= <p?{0) (19) 

The main problem of this section is to define some class of supersymmetric Hamiltonians which allow 
to construct topologically stable index on the basis of cyclic adiabatic phase. 

The usual way to calculate topological invariants into the framework of supcrsymmctry is to invent 
the quantity in which the contributions of superpartners with nonzero eigenvalues are cancelled and the 
rest depends on vacuum subspace structure. In this way Witten index can be realized as some trace on 
the space of states: 

indwH = Tr(re-P H } V/? > (20) 

and its stability is a consequence of the cancelation. We would like to suggest the analog of the con- 
struction based on Berry phases. On the other hand Theorem ^| describes the differences for phases 
of superpartners in general. This compels us to reduce the set of supersymmetrical Hamiltonians to 
extract the subset of operators for which the difference effectivelly disappears. At first we describe the 
subset and introduce new supersymmetric index for it. Then we show that this class of supersymmetrical 
Hamiltonian is enough wide to contain well-known interesting examples. 

Definition 1. The supersymmetrical Hamiltonian H(t) admits the 
Cyclic Adiabatic Supersymmetric Evolution (CASE) on [0, T] if: 

1. H(t) obeys the SQM algebra (0); 

2. H (t) governs the adiabatic evolution i.e. adiabatic condition ([!]) take place; 

3. H(T) = H(0); 



4. J sTlregiH-^t^Q^^mdt = 


= km / sTr(H- 1 (t){Q{t),Q{t)]E(]0,X})(t))dt = (21) 
A ^°° Jo 



where E(]0, A])(i) is the spectral measure of the interval ]0, A] for the operator H(t). 

For the class of CASE-Hamiltonians it is possible to introduce an analog of supersymmetric Witten 
index and index of Supersymmetric Scattering Theory ^ . It is Supersymmetric Berry Index. 

Definition 2. Let's H(t) is CASE-Hamiltonian on [0, T]. Then its Supersymmetric Berry Index is 
defined by the following relation: 



md B H = sBet reg U(T) = lim Det U T {T) (22) 



E([o,x])(t)H 



where 



u T (t) 



U+(t) 

uz\t) 
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and U±(t) are evolution operators for the Hamiltonians H±(t): 



U±{t) = TexpH / H±{t)dt) 
Jo 



Now we prove that the eigenfunctions with nonzero eigenvalues does not contribute in mdsH and 
calculate Berry phases of zero-modes. The following theorem formalizes the statement: 

Theorem 3 Let's H{t) is CASE-Hamiltonian on [0,T] and 

md w H(0) ^ then 



hid B H = sBet reg U(T) = exp (- J sTr(B(t)P 



(t))dt (23) 



where 

' B + {t) 



B{t) 

and Po(t) is the projector on keriJ(i). 



B_(t) 



Proof. At first we prove that RHS is well-defined and independent on the choice of instant bases in 
ker H± (t) which keep their dimensions due to Lemma [l]. 

Lemma 2 exp(— f n T sTT(B(t)Po(t))dt) does not depend on the choice of instant orthonormalized bases 
{Vo±(i)} with cyclic condition ( M ) in ker H± (t) . 

Proof. If we introduce new bases {xo±(t)} in ker H±(t) by the relations: 

dim kcr 

Xo±(*)= E vr'(t)^ ± (t) (24) 

a' = l 

then Tr B(t)\k CI H ± ( t ) can be calculated in new bases: 

dim kcr 

Tr(B(t)\ keTH±(t) ) x = £ (x%±(t)\Xo±(t)) = 

dim kcr 

= E («f(t)^ ± (*)l«± r (*)0? ± (*) + *±' r (*)^ ± (*)>= f0K , 

dim kcr 

a,/3,7— 1 

= MB(t)\ kclH± (t))v + m InDet 



yW^Det^Ti^^y" 1 ^)) (26) 



where we use the formula 
Hence 

d Det\\v al3 

sTr(B(t)\ keTH(t) ) x = sTr(B(t)\ keTH(t) ) v + ^ln + ff (27) 

OT Det (t)|| 

||-y±^(T)|| is equal to ||«±f(0)|| due to the bases {</?o±(i)} and {xo±(OI obey the cyclic condition (p^). 
Therefore last term after the integration by i from to T gives 27rifc, k E Z due to the logarithm of 
complex number is multivaluable function. □ 



G 



(28) 



Now let's return to the proof of the Theorem pi Keeping in mind the regularization we can calculate 
the time derivative Det U T (t): 

j^DetU T (t) = Jj(Det U+{t) Det UZ 1 ^)) = 
= ^ Det C/ + (<)(Det [/-(t))- 1 + Det C/+(i)^(Dct [/^(t))- 1 

using formulae ( p6|) and (^) for the systems governed by Hamiltonians H±(t) we get 

d- t DetU T (t) = 

= DetU T {t)(-Tr(B + (t) + iE + {t)) + Tr(B_(t) + iE-(t)fj = (29) 
= - Det U T (t) sTrB(t) 

We can solve this equation. Taking into account the initial condition Det U T (0) = 1: 

Det[/ r (T) =cxpf- / sTrB(i) rT dt) (30) 



E([0,A])(t)H 



B([0,A])(t)H 



Due to CASE-condition ( pl| ) RHS of this equation has A — > oo limit. Therefore 

sDet req U(T) = T)etU T (T) = exp(- / sTrB(t) dt) (31) 

P (T)H J Po(t)H 

Thus we have proved Theorem |^ □ 

Note 3.1 It is possible to generalize Theorem |]on the case of CASE-Hamiltonians with indwH (t) = 0. 
Then in the statement we have to replace exp(- J Q (B(t)P (t))dt) by exp(- J Q (B(t)P (t))dt) where P (t) 
is projector on eigenspace with eigenvalue which somewhere on interval [0, T] comes in zero. 

Note 3.2 For the case of 1-dimensional kerH± index inds H gives us no more than exp(A(^) where 
A(p is a difference of Berry phases of zero- modes in "bosonic" and "fermionic" spaces. In this form inds 
is analog of supersymmetric scattering index |^| which also calculates the difference of phases (scattering 
phases) in "bosonic" and "fermionic" spaces. 

In general case the Supersymmetric Berry Index is a complex number on the unit circle and this 
number can be changed via the variation of the CASE-Hamiltonian. It would be especially interesting 
to describe some situations for which this number has to be in the set of discrete numbers. Now we 
formulate the simplest condition on the CASE-Hamiltonian which leads to the discretness of possible 
Supersymmetric Berry Indeces. 

Let's Hilbert space H has additional structure which we will call "conjugation". Formally it means 
that there is the involution P : H — > H such that for W<p, ip E H and c £ C 

1. P 2 = I 

2. Pap = cPip 



3. (Pifi\P^) = (¥#> 



Theorem 4 If the "conjugation" P is consistent with the supersymmetric involution i.e. [P,t] = 
and CASE-Hamiltonian obeys the condition: 

H(t)P = PH(t) V<e[0,T] 

then 

ind B H(t) = ±1 

Note 4.1 In this form the Theorem generalize well-known fact /^/ that Berry phase of real Hamil- 
tonian is equal zero. 
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Proof. From the facts that the "conjugation" P commutes with the Hamiltonian and PH± = H± 
immediately follows that for Vt € [0, T] it is possible to choose "real" instant eigenfunctions of the 
operators H±(i) i.e. such that P\x a (t)} = \x a (t)}- We also suppose the orthonormalization condition for 
the function. It leads to the next property of the instant eigenfunctions: 



<x a (*)lx^0) = (Px a (t)\Px"(t')) = (x"(t)W)) e 



and therefore (x Q (0lx /3 (^')> € # for a11 moments e [0,T] 
However in general case Xa(T) ^ Xq(0) Using formulae 

dim kcr H+ 



27|) we get following expression for ind^i?: 



/ T ammcmj- Dot II 0,3 mil 

ind B tf = exp f£± E <XS±(« ± (*)>* + In 

\0 ± a=l 



Det Hi)" 3 (t) || 



where v^f(t) is the transfer matrix from basis {xo±(t)} to basis {(Po±(t)} in ker H±(t). (Xo±(*)IXo±(*)) = 
because on the one hand it is real but on another hand it is imaginary due to normalization condition 
an So 

Det(||«f (o)!!- 1 !!^^)!!) 



yoAbH = 



Detdl^Win^^T)!!) 



(32) 



Due to the cyclic condition ( fL9| ) the matrices ||w±(0)|| 1 ||i'±(T , )|| are the transfer matrices from {xo±{T)} 
to{x£±(0)}: 

\\v±m\->±w)\\ af> = {xL{T)\x%±m e i? 



Matrices ||w±(0)|| 1 ||w±(T)|| are unitary and real. Therefore both determinant in (32) are equal to ±1 
and ind^i/ = ±1. □ 



5 Examples 

It is well-known how important to find the simple example which illustrates the general structure and 
is not shaded the treatment by long calculations. As such example we can consider the supersymmetric 
harmonic oscillator on complex plane. 



5.1 Supersymmetric harmonic oscillator on complex plane. 

The supersymmetric harmonic oscillator on a complex plane is the simplest example of the suggested in 
H Holomorphic Supersymmetric Quantum Mechanics which was investigated in many papers (k], |l4[ |l5[ . 
It was shown that the Hamiltonian of supersymmetric harmonic oscillator has pure point spectrum and 
there is the only single zero mode in "fermionic" subspace. So Witten index for such operator is equal 
to — 1. Now we demonstrate that this Hamiltonian can be regarded as CASE-one and calculate the 
Supersymmetric Berry Index. For this supersymmetric system the supercharge Q(t) has the form: 



Q{t) = V2 






c(t)z 

d 
Uz 



Q 


_ d 
Uz 

-c(t)z 



c(t)z 

d 
Uz 






_ d 
TFz 


\ 


-c{t)z 












/ 



The corresponding supersymmetric Hamiltonian H(t) = Q 2 (t) can be put down: 



H(t) = 



H+{t) 






H-(t) 
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where 

|2 




o W)z? - ^ 

W)z\* - ^ c(t) 

(t) \c(t)zf - ^ 



c 



and together with supersymmetric involution r = ( ^ ^ ) forms the SQM-algebra. In the presented 

formulae time dependence appears through the arbitrary smooth function c(t) such that c(0) = c(T) and 
c(t) ^ for Vt € [0,T]. 

Lemma 3 -ff(t) is CASE-Hamiltonian 

Proof. Indeed, it is sufficient to write down [Q(t),Q(t)] |jj : 

[0(*),Q(*)]| H = 

/ 3Wc(0lV-^)M 2 _ -26(^ \ (33) 

^ -2c(t)*JL c(t)c(t)k| 2 -c(t)c(t)|z| 2 / 

and to take eigenfunctions of H + (t) in the form 

2*-i ( m \ ^ a ( o 



has the opposite signs. Therefore 



The diagonal terms of the matrix [Q(t), Q(t)] 

Y,(Vj+\[Q(t),Q(t)M+) = Vj such that E {t) > 

OL 

This leads to the required equality ( pl| ) for the trace. □ 
Proposition 1 

ind c(t) 

indif(t) = 

Proof. Due to the fact that -ff (t) is CASE-Hamiltonian with ind^ -ff(t) = — 1 and single zero mode is 
in "fermionic" sector we can apply the Theorem |^ for calculation of inds H (t). 
Using the notation c(t) = r(t) exp(i8(t)) and the explicit form of the zero-mode 



^(^v1r exp( ^^ |2) ( exp(i i W) 

we compute sTi(B(t)P ): 

-sTr B(t) = <^ -(*)|^o-(*)> = 

kcr H 

= r -^- [ exp{~2r(t)\z\ 2 )(i6(t) + ^ - 2r(t)\z\ 2 )dzdz = l -6{t) (34) 
7T J c r(t) 2 

According to the Theorem ^| Supersymmetric Berry Index is equal to 



T 



(if. \ indc(t) 
md B H = exp - / 6{t)dt = (-1)[°- T J □ 



This complete the consideration of Supersymmetric Harmonic Oscillator on complex plane. 
Now we consider the general case of the Supersymmetric Meromorphic Quantum Mechanics on the 
Riemann surface. This system contains the previous example as a particular case. 



9 



5.2 Meromorphic Supersymmetric Quantum Mechanics on 
Riemann surface 

Let's define SQM on the arbitrary genus compact Riemann surface Mq with meromorphic superpo- 
tential with poles in z\ 1 . . . , z n £ Mq- To do this Kahler metric g which is euclidean at infinity in the 
points z\ , . . . , z n was introduced . 

For this metric there are open neighborhoods Or^ of z% and diffcomorphic maps <pi of Or 1 \ {z{\ to 
open sets CBr^ = {u £ C : |u| > on complex plane such that on each Or 1 the metric is the pullback 
by 4>i of the euclidean metric on CBr { . 

Hilbert space is that of square integrable differential forms: H = A2(M) with scalar product 

(u\4>) = \ ZJA*(f> (35) 
Jm 



where * is Hodge operator. 

We will consider the time-depended meromorphic superpotential F(z, t) such that its poles z%, . . . , z n £ 
M are independent on t and F(z, T) = F{z, 0). 

Supercharges, the supersymmetric involution and the Hamiltonian were defined as the closure in H 
of correspondent operators defined on C^°(M)- forms by formulae: 



)+(t) = -^dzf\+F z (z 7 t)dzf\ , Q_(t) = (Q+(t))* , 
= (-1) N , Q(t) = 



(36) 



.(i)+Q_(t), H(t) = (Q(t)Y 



where N is the degree of the form. The index z stands for derivative on z. These operators obey SQM 
relations (0). In the work [fl6f it was shown that operator H(t) has compact resolvent and hence pure 
discrete spectrum. 

Let's choose the basis of differential forms: l,gdz A dz/2,dz,dz. The first two forms belong to H + , 
the two latter forms belong to H_. In this basis all operators can be represented in matrix form (for the 
sake of simplicity we omit arguments z, t of function F): 



Q(t) 



( o 





F z - 







,) — 



-F 

fa 






2 d \ 
'gWz » 





H + (t) = 9 



\F~ 



d 2 ^ 

dzdz' 



dzdz 



and 



H-(t) 



[Q(t),Q(t)] 



8 2 8 ,2, 

n 7.7. 



F, 



g 

8 2 8 
8~l9~5z ^ 9 



-2F Z 



JJz 



H 



-2F, 



Uz 



In the subspacc H + we can take eigenfunction in the form of 



(37) 



(38) 



(39) 
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and diagonal terms of matrix [Q(t), Q(t)]|jj are opposite in the sign therefore the condition ( pT| ) holds 
true in this case due to the same reason as in the previous subsection . 

If F(z, t) depends on t such that H(t) obeys adiabatic condition ([!]) then the operator H (t) is CASE- 
Hamiltonian. Therefore indsP exists. One can show that the Hamiltonian in question satisfies the 
conditions of the Theorem ^ (for usual complex conjugation as the involution P) and hence indsP is 
equal to ±1. 

To escape the technical difficulties we calculate the index for particular case of F(z, t) — exp(i9(t))f(z), 
6(T) = 6(0) + 2vrL, L e Z. 
Proposition 2 

Let x(Mq) is Euler characteristics of compact Riemann surface Mo and D is a divisor of poles of the 
differential F z dz, then 

md B H= (_l)i(x(Mo)+degD) 

Proof. According to the Theorem || we have to investigate zero-modes. In the work Jl6| number of 
zero-modes of Hamiltonians H±(t) has been calculated and it was shown that the Hamiltonian H+(t) 
has no zero-modes, P-(i) has K = x(Mq) + degP zero-modes. 
Given the basis of subspace of zero-mode at moment t = 

*<0)=(g) 

we can construct instant bases for any t € [0,T]: 

_ ( exp(*0(t))£? ' 

YQ-K Z ) — I £a 

(rp X \ J 1 K 

I i>S-(*M-W>* = / ^W^Ellffll 2 (40) 

At the moment t = we can take real eigenbasis. Then ||f"|| 2 = ||^2 II 2 = 1/2- Therefore ind^P = 

(_l)i(x(Afo)+dogD) rj 

The Proposition 2 generalizes the Proposition 1 of the previous section on the case of the Meromorphic 
Supersymmetric Quantum Mechanics. 



6 Conclusion remarks 

In this paper we investigated the possibility to insert the concept of topological phases of cyclic adia- 
batic evolution (Berry phases) to the framework of Supersymmetric Quantum Mechanics and introduced 
on this basis new topological index - Supersymmetric Berry Index. To illustrate the scheme this index was 
calculated for the Holomorphic and Meromorphic Supersymmetric Quantum Mechanics. For these cases 
index is connected with winding number of parametric function which generates the adiabatic evolution. 

However at the end of the paper we would like to outline some directions of developments. 

We discussed in the paper only one way to calculation the index - through the explicit computing of 
the contributions of zero-modes. The second step is to generalize the Index Theorems the sense discussed 
in the Introduction, namely is to represent the CASE-index in functional integral form that allow us to 
treat Supersymmetric Berry phase using quantum field theory methods. 

The Generalized Supersymmetry has proved that it is additional powerful tool of mathematical inves- 
tigation into the framework of supersymmetry. So to our mind it is interesting to generalize the treatment 
of Supersymmetric Berry Phase to case of Generalized Supersymmetry. 

The last point is the looking for other possibilities of the discretness of the index because this is a 
straightforward way to the real topological stability. For instance it is interesting to find the conditions 
under which the index takes the value in the set of complex roots of unit. 

We are going to return to these questions in the next papers. 
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